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Abstract By using of the Lewis-Riesenfeld invariant theory, we have studied the dynamical
and the geometric phases in the interaction between three-energy level atom with new-type
radiation field, respectively. The Aharonov-Anandan phase is also obtained under the cycli-
cal evolution.
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1 Introduction

It is known that the concept of geometric phase was first introduced by Pancharatnam [1] in
studying the interference of classical light in distinct states of polarization. Berry [2] found
the quantal counterpart of Pancharatnam’s phase in the case of cyclic adiabatic evolution.
The extension to non-adiabatic cyclic evolution was developed by Aharonov and Anan-
dan [3]. Samuel and Bhandari [4] generalized the pure state geometric phase by extending
it to non-cyclic evolution and sequential projection measurements. The geometric phase is a
consequence of quantum kinematics and is thus independent of the detailed nature of the dy-
namical origin of the path in state space. Mukunda and Simon [5] gave a kinematic approach
by taking the path traversed in state space as the primary concept for the geometric phase.
Further generalizations and refinements, by relaxing the conditions of adiabaticity, unitarity,
and cyclicity of the evolution, have since been carried out [6]. Recently, the geometric phase
of the mixed states has also been studied [7–9].

As we known that the quantum invariant theory proposed by Lewis and Riesenfeld [10]
is a powerful tool for treating systems with time-dependent Hamiltonians. It was gen-
eralized by introducing the concept of basic invariants and used to study the geometric
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phases [11–14] in connection with the exact solutions of the corresponding time-dependent
Schrödinger equations. The discovery of Berry’s phase is not only a breakthrough in the
older theory of quantum adiabatic approximations, but also provides us with new insights
in many physical phenomena. The concept of Berry’s phase has been developed in some
different directions [15–27]. In this paper, by using the Lewis-Riesenfeld invariant theory,
we shall study the geometric phase in the interaction between three-energy level atom with
new-type radiation field.

2 Model

The Hamiltonian in the interaction between three-energy level atom with new-type radiation
field can be written as

Ĥ = ω(t)â†â + �Ŝz + λ(t)(
√

â†ââ†Ŝ− + Ŝ+â
√

â†â), (1)

where we have considered the case that when the wavelength of the radiation field is larger
than the distance between atom and atom). In (1), � is the transition frequency of atom,
λ(t) is the coupling coefficient between atom and radiation field, ω(t) is the radiation field
frequency. â and â† are the photon annihilation and creation operators which satisfying
relation [â, â†] = 1. Operators Ŝ± and Ŝz are

Ŝ+ = 1√
2
|3〉(〈1| + 〈2|), Ŝ− = 1√

2
(|1〉 + |2〉)〈3|, (2)

Ŝz = 1

2

[
|3〉〈3| − 1

2
(|1〉 + |2〉)(〈1| + 〈2|)

]
, (3)

and they satisfy commutation relations [Ŝ+, Ŝ−] = 2Ŝz, [Ŝz, Ŝ±] = ±Ŝ±.
Introducing Q̂+ = √

â†ââ†Ŝ− and Q̂− = Ŝ+â
√

â†â, one has

{Q̂+, Q̂−} = 1

2

⎛
⎜⎝

2(ââ†)2 0 0

0 (â†â)2 (â†â)2

0 (â†â)2 (â†â)2

⎞
⎟⎠ ≡ ˆ̄M, (4)

here {, } stands for the anticommuting bracket.

It is easy to find that operators ˆ̄M , â†â, Ŝz, and Q̂± are the supersymmetric generators
and form supersymmetric Lie algebra, namely

Q̂2
− = Q̂2

+ = 0, [ ˆ̄M,Q̂±] = 0, [ ˆ̄M, â†â] = [Ŝz, â
†â] = [ ˆ̄M, Ŝz] = 0, (5)

[Q̂+, Q̂−] = −2 ˆ̄MŜz, Q̂+ + Q̂− = −2Ŝz(Q̂+ − Q̂−), (Q̂+ − Q̂−)2 = − ˆ̄M, (6)

[Q̂−, Ŝz] = −Q̂−, [Q̂+, Ŝz] = Q̂+, [Q̂−, â†â] = Q̂−, [Q̂+, â†â] = −Q̂+. (7)

Equation (1) becomes

Ĥ = ω(t)â†â + �Ŝz + λ(t)(Q̂+ + Q̂−). (8)
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It is easy to find that ˆ̄M|〉 = 2n2|〉, where

|〉 = 1√
3

⎛
⎝ |n − 1〉

|n〉
|n〉

⎞
⎠ , (9)

so we can restrict our study in the sub-Hilbert space of the supersymmetric quasi-algebra

constructed by operators ˆ̄M , â†â, Ŝz, and Q̂±. Below, we replace operator ˆ̄M with the par-
ticular eigenvalue 2n2.

3 Dynamical and Geometric Phases

For self-consistent, we first illustrate the Lewis-Riesenfeld (L-R) invariant theory [10]. For
a one-dimensional system whose Hamiltonian Ĥ (t) is time-dependent, then there exists an
operator �̂(t) called invariant if it satisfies the equation

i
∂�̂(t)

∂t
+ [�̂(t), Ĥ (t)] = 0. (10)

The eigenvalue equation of the time-dependent invariant |λn, t〉 is given

�̂(t)|λn, t〉 = λn|λn, t〉, (11)

where ∂λn

∂t
= 0. The time-dependent Schrödinger equation for this system is

i
∂|ψ(t)〉s

∂t
= Ĥ (t)|ψ(t)〉s . (12)

According to the L-R invariant theory, the particular solution |λn, t〉s of (12) is different
from the eigenfunction |λn, t〉 of �̂(t) only by a phase factor exp[iδn(t)], i.e.,

|λn, t〉s = exp[iδn(t)]|λn, t〉, (13)

which shows that |λn, t〉s (n = 1,2, . . .) forms a complete set of the solutions of (12). Then
the general solution of the Schrödinger equation (12) can be written by

|ψ(t)〉s =
∑

n

Cn exp[iδn(t)]|λn, t〉, (14)

where

δn(t) =
∫ t

0
dt ′〈λn, t

′|i ∂

∂t ′
− Ĥ (t ′)|λn, t

′〉, (15)

and Cn = 〈λn,0|ψ(0)〉s .
For the system described by Hamiltonian (8), we can define the following invariant

�̂(t) = α(t)Q̂+ + α∗(t)Q̂− + β(t)Ŝz. (16)

Substituting (8) and (16) into (10), one has the auxiliary equations

iα̇(t) + α(t)[� − ω(t)] − β(t)λ(t) = 0, iβ̇(t) + 2λ(t)M̄[α∗(t) − α(t)] = 0, (17)
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where dot denotes the time derivative, and M̄ denotes the eigenvalue of operator ˆ̄M .
In order to obtain a time-independent invariant, we can introduce the unitary transfor-

mation operator V̂ (t) = exp[σ(t)Q̂+ − σ ∗(t)Q̂−]. It is easy to find that when satisfying the
following relations

sin(2
√

M̄|σ(t)|) =
√

M̄[α(t)σ ∗(t) + α∗(t)σ (t)]
|σ(t)| , β(t) = cos(2

√
M̄|σ(t)|), (18)

and

α(t)

2
[1 + cos(2

√
M̄|σ(t)|)] − β(t)σ (t)

2
√

M̄|σ(t)|
sin(2

√
M̄|σ(t)|)

− α∗(t)σ ∗2(t)

2|σ(t)|2 [1 − cos(2
√

M̄|σ(t)|)] = 0, (19)

then a time-independent invariant appears

�̂V ≡ V̂ †(t)�̂(t)V̂ (t) = Ŝz. (20)

From (18), we can let

σ(t) = θ(t)

2
√

M̄
exp[iγ (t)], α(t) = sin θ(t)

2
√

M̄
exp[iγ (t)], θ(t) = 2

√
M̄|σ(t)|. (21)

From (21), the invariant Î (t) in (16) becomes

�̂(t) = sin θ(t)

2
√

M̄
{exp[iγ (t)]Q̂+ + exp[−iγ (t)]Q̂−} + cos θ(t)Ŝz. (22)

By using of the Baker-Campbell-Hausdoff formula [28]

V̂ †(t)
∂V̂ (t)

∂t
= ∂L̂

∂t
+ 1

2!
[

∂L̂

∂t
, L̂

]
+ 1

3!
[[

∂L̂

∂t
, L̂

]
, L̂

]
+ 1

4!
[[[

∂L̂

∂t
, L̂

]
, L̂

]
, L̂

]
+ · · · ,

(23)
with V̂ (t) = exp[L̂(t)], it is easy to find that when satisfying the following equation

[ω(t) − �] sin θ(t) + 2λ(t)
√

M̄[cos θ(t) cosγ (t) − i sinγ (t)] − iθ̇ (t) + γ̇ (t) sin θ(t) = 0,

(24)
one has

ĤV (t) = V̂ †(t)Ĥ (t)V̂ (t) − iV̂ †(t)
∂V̂ (t)

∂t

= ω(t)â†â + {ω(t)[1 − cos θ(t)] + � cos θ(t) + 2λ(t)
√

M̄ sin θ(t) cosγ (t)}Ŝz

+ γ̇ (t)[1 − cos θ(t)]Ŝz. (25)

We can obtain the particular solutions of the time-dependent Schrödinger equation (12),

|ψSz(t)〉 = exp

{
−i

∫ t

0
[δ̇d

Sz
(t ′) + δ̇

g

Sz
(t ′)]dt ′

}
V̂ (t ′)|〉 (Sz = 0,±1), (26)
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where

δ̇d
Sz=+1(t

′) = (n − 1)ω(t ′) + ω(t ′)[1 − cos θ(t ′)] + � cos θ(t ′)

+ 2
√

2nλ(t ′) sin θ(t ′) cosγ (t ′), (27)

δ̇
g

Sz=+1(t
′) = γ̇ (t ′)[1 − cos θ(t ′)], (28)

δ̇d
Sz=−1(t

′) = nω(t ′) − ω(t ′)[1 − cos θ(t ′)] − � cos θ(t ′)

− 2
√

2nλ(t ′) sin θ(t ′) cosγ (t ′), (29)

δ̇
g

Sz=−1(t
′) = −γ̇ (t ′)[1 − cos θ(t ′)], (30)

δ̇d
Sz=0(t

′) = nω(t ′), δ̇
g

Sz=0(t
′) = 0. (31)

From (27)–(31), we conclude that the dynamical and the geometric phases of the system
are exp[−i

∫ t

0 δ̇d
Sz

(t ′)dt ′] and exp[−i
∫ t

0 δ̇
g

Sz
(t ′)dt ′] with Sz = 0,±1, receptively. In particular,

when we consider a cycle in the parameter space of the invariant �̂(t) and let θ(t)=constant,
one has from (28), (30) and (31)

δ
g

Sz
(T ) =

⎧⎪⎨
⎪⎩

2π(1 − cos θ), (Sz = +1),

−2π(1 − cos θ), (Sz = −1),

0, (Sz = 0).

(32)

Here 2π(1 − cos θ) denotes the solid angle over the parameter space of the invariant �̂(t),
(32) is the known Aharonov-Anandan phase.

References

1. Pancharatnam, S.: Proc. Indian Acad. Sci., Sect. A Phys. Sci. 44, 247 (1956)
2. Berry, M.V.: Proc. R. Soc. Lond., A Math. Phys. Sci. 392, 45 (1984)
3. Aharonov, Y., Anandan, J.: Phys. Rev. Lett. 58, 1593 (1987)
4. Samuel, J., Bhandari, R.: Phys. Rev. Lett. 60, 2339 (1988)
5. Mukunda, N., Simon, R.: Ann. Phys. (N.Y.) 228, 205 (1993)
6. Pati, A.K.: Phys. Rev. A 52, 2576 (1995)
7. Uhlmann, A.: Rep. Math. Phys. 24, 229 (1986)
8. Sjöqvist, E.: Phys. Rev. Lett. 85, 2845 (2000)
9. Tong, D.M., et al.: Phys. Rev. Lett. 93, 080405 (2004)

10. Lewis, H.R., Riesenfeld, W.B.: J. Math. Phys. 10, 1458 (1969)
11. Gao, X.C., Xu, J.B., Qian, T.Z.: Phys. Rev. A 44, 7016 (1991)
12. Gao, X.C., Fu, J., Shen, J.Q.: Eur. Phys. J. C 13, 527 (2000)
13. Gao, X.C., Gao, J., Qian, T.Z., Xu, J.B.: Phys. Rev. D 53, 4374 (1996)
14. Shen, J.Q., Zhu, H.Y.: arXiv:quant-ph/0305057v2 (2003)
15. Richardson, D.J., et al.: Phys. Rev. Lett. 61, 2030 (1988)
16. Wilczek, F., Zee, A.: Phys. Rev. Lett. 25, 2111 (1984)
17. Moody, J., et al.: Phys. Rev. Lett. 56, 893 (1986)
18. Sun, C.P.: Phys. Rev. D 41, 1349 (1990)
19. Sun, C.P.: Phys. Rev. A 48, 393 (1993)
20. Sun, C.P.: Phys. Rev. D 38, 298 (1988)
21. Sun, C.P., et al.: J. Phys. A 21, 1595 (1988)
22. Sun, C.P., et al.: Phys. Rev. A 63, 012111 (2001)
23. Chen, G., Li, J.Q., Liang, J.Q.: Phys. Rev. A 74, 054101 (2006)

http://arxiv.org/abs/arXiv:quant-ph/0305057v2


Int J Theor Phys (2010) 49: 2306–2311 2311

24. Chen, Z.D., Liang, J.Q., Shen, S.Q., Xie, W.F.: Phys. Rev. A 69, 023611 (2004)
25. He, P.B., Sun, Q., Li, P., Shen, S.Q., Liu, W.M.: Phys. Rev. A 76, 043618 (2007)
26. Li, Z.D., Li, Q.Y., Li, L., Liu, W.M.: Phys. Rev. E 76, 026605 (2007)
27. Niu, Q., Wang, X.D., Kleinman, L., Liu, W.M., Nicholson, D.M.C., Stocks, G.M.: Phys. Rev. Lett. 83,

207 (1999)
28. Wei, J., Norman, E.: J. Math. Phys. 4, 575 (1963)


	Geometric Phase in the Interaction Between Three-energy Level Atom with New-type Radiation Field
	Abstract
	Introduction
	Model
	Dynamical and Geometric Phases
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


